Although modern portfolio theory (MPT) asset allocation framework can be adopted to enable decision-making for international and direct real estate investing, and that many institutional investors adopt it to support their decision-making, such a framework can be enhanced to capture instead the multi-causal factors influencing international and direct real estate investing. A fuzzy decision-making approach is a more intuitive, yet rigorous alternative in this regard. This paper is concerned with the model formation and estimation of a unique fuzzy tactical asset allocation (FTAA), which in turn comprises the FTAA flexible programming model and the FTAA robust programming model. Both these FTAA 2 models enhance the classical, Markowitz MPT portfolio theory on asset allocation through making it more intuitively appropriate for decision-making in international and direct real estate investing.
Introduction
Real estate investing is envisaged to be a complex human cognitive process involving decision-making regarding possible uncertain future returns. Investment analysis comprises several key analytical techniques, namely the discounted cash flow model, portfolio theory and risk analysis that are essentially structured frameworks, which enable a more precise and certain evaluation of an investment. However, the success of investment analysis still relies on the reliability and quality of the inputs to the analytical techniques. There are several motivations for this paper, and for investment analysis, the precise and "crisp" result of any of its models is derived on the assumption that the variables in the analysis are deterministic or probabilistic in nature. This assumption is pseudo accurate and it fails to take into account unexpected shocks or perturbations that are possible in the real world.
Thus, investors who rely on sophisticated analytical techniques are not placed in a better position but are in fact subject to substantial risk. However, expert judgment offers an acceptable alternative to non-naïve models as that judgment, which itself is limited by uncertainty, is attributable to the vagueness and imprecision inherent to the associated expert"s ex ante information. Such a limitation is known as cognitive uncertainty or fuzziness.
"Fuzzy Set Theory" is incepted to allow a natural and intuitive way of representing cognitive uncertainty. Fuzzy set theory relaxes the crispness and precision to enable a robust summary of expert knowledge. The incorporation of fuzzy set theory has made significant inroads relating to the generalization of traditional investment analysis and its techniques, thereby opening a new frontier in structured frameworks for evaluating the investment market. There has been a significant amount of research focused on the potential benefits of an international real estate investment strategy. The diversification benefits of international real estate investment have been instrumental for teeming research but the adoption of the mean-variance, Markowitz modern portfolio theory (MPT) framework has been questioned by researchers. Worzala (1992) , Chenah, Ziobrowski and Caines (1999) well agree on the lack of high quality data on direct and international real estate markets and their past performance. Given the broad nature of the subject matter, it is understandably hard to find reliable data sources for major markets that are appropriate for enabling meaningful comparison with one another. Many studies have focused on the best data that is available. Another pertinent question refers to what proportion of capital should institutional investors devote to direct and international real estate investments that are subject to uncertainty? There are still puzzles in the asset allocation problem of international real estate investing. Such puzzles cannot be easily resolved without better data for the direct and international real estate markets. Then and only then can more 4 rigorous analysis be conducted to enable the benefits of geographical diversification, real estate sector diversification and time diversification (time being one of the key sources of risk or uncertainty). Such diversification benefits are well documented by Goetzmann and Ibbotson (1990) . This paper addresses a set of short-tem tactical asset allocation models, collectively known as fuzzy tactical asset allocation (FTAA), namely, the "FTAA Flexible Programming Model" and the "FTAA Robust Programming Model". Both apply fuzzy set theory to improve the traditional mean-variance, Markowitz modern portfolio theory (MPT) framework for efficient decision-making by institutional investors in international and direct real estate investment. These two FTAA programming models show a wider spread of tactical allocation weights, relative to the MPT TAA (tactical asset allocation) model portfolio that has more 0% allocation weights, thereby reflecting intuitively greater geographical diversification, from a decision-making investor"s perspective, among the ten Asian office markets for the short-term pan-Asia office TAA portfolio. All three TAA models, i.e. the FTAA flexible programming model, FTAA robust programming model and MPT TAA model, are able to achieve optimal risk-adjusted returns at the portfolio level via quadratic optimization. However, the MPT TAA model is highly sensitive to estimation errors while the precision and reliability of its estimated inputs are critical to the success of its optimisation-decision. Determination of input variables that relies on historical (ex post) data is increasingly unreliable for forecasting (ex ante) purposes, in view of the refutation of the random walk hypothesis for the common stock and direct real estate markets. Ex ante data specifically takes into account expected movements of direct real estate markets in the short term, that would represent the tactical tilts of a short-term TAA portfolio from its long-term strategic asset allocation portfolio (the policy portfolio). Hence, incorporating fuzzy set theory with the Markowitz MPT quadratic programming model enables the short-term TAA portfolio to become more intuitive FTAA programming models, which constitute uniquely natural ways of capturing ex ante data in the form of investor-expert judgment of international and direct real estate markets. Fuzzy approaches to asset allocation optimization also achieve the two-fold benefits of risk diversification and effective risk management. Results of the estimation exercise show that the standard deviation of the office portfolio returns ranges not more than 5.70%, as reflected in the two FTAA programming models.
As a result, this paper is structured in several sections, starting with the introduction and followed by the related literature on asset allocation. The next (third) section discusses the two key FTAA models and the data is subsequently discussed. The results and 5 comparisons of the models are accordingly analyzed while the conclusion section closes the paper.
The Related Literature
In general, asset allocation in finance theory refers to the process of securing the most favorable return and risk trade off, involving competing interests that are concerned with risk reduction and return enhancement at the portfolio level but subject to various constraints (Kritzman, 1992) . The importance of asset allocation in arriving at optimal investing decision-making cannot be over-stated (Brinson, Hood and Beebower, 1986; Grieger, 1987; and Ankrim, 1987) . Traditionally, the asset allocation decision is based on the expected mean-variance theory (EMV) wherein the return and risk profile at the portfolio level has to be balanced and subject to constraints (Markowitz, 1952) . Recent studies have increasingly criticized the effectiveness and appropriateness of the EMV theoretical approach. A frequent criticism is the sensitivity of the results to estimation errors (Chopra and Ziemba[8] ). Other commentators have highlighted its sensitivity to time factors (Kritzman, 1990) and to fundamental factors (Benari, 1990) . The traditional way to adopt risk and return for making investment decisions is through portfolio theory. Earlier portfolio theory is based on the assumption that portfolio diversification reduces portfolio risk. Most of the research in this area and the subsequent development of the capital asset pricing model (CAPM) has related to investment in equities. However, the CAPM is not solely confined to stock market investment, but can be applied to all risky assets.
Nowadays, almost all institutional investors adopt CAPM.
The Markowitz Modern Portfolio Theory (MPT)
The pioneering work of Markowitz (1959) has resulted in a radical reappraisal of the way that investors behave, and it has led the way for the development of what became known as capital market theory. By defining a portfolio of assets in terms of their risk, return and covariance, Markowitz developed a model that can identify the optimal proportion of funds to be held in each asset. For a given level of risk, the resulting portfolio was considered efficient because it offered the maximum expected return. The alternative approach was to minimize risk for a given rate of return. Under MPT, the optimization for the traditional asset allocation process concerning on asset portfolio can be modeled as a quadratic programming function in eq 1, consisting of a risk minimization objective (G) and a few constraints (C) as follows:
, where x i is the proportion of portfolio allocated to asset i, P R refers to the expected portfolio return, i R is the expected return on asset i,  ij represents the covariance between asset i returns and asset j returns and 
ii is the variance of asset i.
On MPT"s shortcomings, previous studies find that the sensitivity of the input parameters adds an estimation risk to the implementation of the model. Benari (1990) highlighted the sensitivity of the optimal portfolio to changes in fundamental factors like the business cycle, resource utilization, productivity of capital, inflation and interest rate volatility. Further, Wainscott (1990) examines the correlation of the historical and future correlations from 1925 to 1988, and finds that the historical correlation of common stocks and bonds has been an unsatisfactory predictor of future correlations. Another shortcoming of the Markowitz MPT optimization model is that such an optimizer receives insufficient attention. The optimizer comprises a set of decision rules, ranging in complexity from a simple rule of thumb to a full-scale quadratic program (Sharpe, 1987) . It is prone to estimation error leading to the overweighting of an asset with an over-estimated return and an under-estimated risk. Furthermore, the crisp and fixed goal and constraints in the optimizer further renders its application rigid and is sometimes unrealistic. In Markowitz"s MPT optimization model, the "crisp" constrained function must be strictly complied with.
As a result, when more asset classes are included in the optimization programming, then negative coefficients for asset weights may be obtained. The investor will then be compelled to short sell his assets to maintain portfolio optimality.
Fuzzy Set Theory
Hence, the uncertainty and imprecision in the application of the non-intuitive Markowitz MPT optimization model has discouraged many investment managers, who simply disregard the results or reject the entire approach right away (Michaud, 1989 Fuzzy Set Theory also simplifies complexity by increasing the amount of allowable uncertainty through sacrificing some of the precise information in favor of a vague but robust summary (Klir and Folger, 1992) . Fuzzy set theory is advocated by Zadeh (1965) and most fuzzy decision theories are straightforward extensions of the corresponding conventional theories. Like mathematics, fuzzy set theory is merely a language that is adopted to fuzzify a theoretical proposition (Kickert, 1978) . It can be generalized to deal with problems in a fuzzy environment, i.e. one that has uncertainty, imprecision, vagueness or a poorly defined problem -in short, fuzziness. In this regard, expert judgment can be represented by fuzzy sets.
Fuzzy Optimization
In reality, the environment in which decision-making takes place is in fact fuzzy because the decision maker is confronted with goals and constraints that cannot be precisely defined. Uncertainty of the consequences of an action increases because the interaction between the goal and the constraint functions has been blurred. This problem can be overcome by making use of a fuzzy decision, as advocated by Bellman and Zadeh (1970) , whereby optimization is viewed as an operation comprising the intersection of goals and constraints, precisely defined in a fuzzy space.
Fuzzy Decision
Decision-making in a fuzzy environment is envisaged by Bellman and Zadeh to be a fuzzy decision, defined as that fuzzy set of alternative space, resulting from the intersection of fuzzy goals and fuzzy constraints in order to achieve the "Confluence of Goals and Constraints". Assume that we are given a fuzzy goal G and a fuzzy constraint C in a space of alternatives x. Then G and C combine to form a decision D that is a fuzzy set, resulting from the intersection of G and C. In symbols, D = G ∩ C, and correspondingly the fuzzy set decision is characterized by its membership function, μ D = min { μ G , μ C } where μ G and μ C are functions of x, i.e. μ G = μ G (x) while μ C = μ C (x). The distinguishing feature of this model is its symmetry with respect to the goals and constraints and its model definition is represented in Fig 1, which forms the foundation for the development of many fuzzy mathematical programming decision-making models. In general, when n-ary goals and m-ary constraints are given, the general fuzzy set decision D and its general membership 8 function μ D can be expressed in eq 2.
Fig 1. The General Fuzzy Set Decision & Membership Function
Constraint Function: "x should be in the vicinity of 11."
Objective Function: "x should be substantially larger than 10." The decision space expressed as a fuzzy decision set provides a natural solution, which is difficult to interpret directly, and should be "defuzzified" into a non-fuzzy solution.
The "crisp", non-fuzzy decision D m , in general is a subset of D, known as the optimal decision. It is determined by the set with the highest degree of the membership function, whereas the element (x) of the subset D m is referred to as the maximizing decision in eq 2b.
For fuzzy decisions, the term decision can have very many different meanings, depending on whether it is used by a lawyer, a businessman, an army general, a psychologist or a statistician.
The Fuzzy Tactical Asset Allocation (FTAA) Models
This section discusses the two key and complementary fuzzy tactical asset allocation (FTAA) models to enable decision-making for international and direct real estate investing. These models consist of the "FTAA Flexible Programming Model" and the "FTAA Robust
Programming Model". Adopting mathematical models of reality, we often encounter the problem of finding all non-negative solutions of the system of "m" constraints in eq 3. Such a system is frequently encountered in operations research and the mathematical economy.
The parameters a ij , b i are usually supposed to be the fixed characteristics of modeled reality. Unfortunately, real problems do not always benefit from this. On the contrary, the parameters are often not known exactly because they are variable, unreliable or imprecise in a certain sense. Fuzzy approaches usually applied to such a problem may be classified into two categories: the "flexible programming" (Negoita, 1981) and the "robust programming". The first category, the "flexible programming", consists of weakening the constraints of the classical optimization problem and of reformulating it into a new one a set of feasible solutions that are fuzzy. The concept of the optimal solution is then based on the intersection of fuzzy sets. The second category, the "robust programming", enables problems to be modeled, whose structures are not exact, by making the imprecision of the associated parameters to be taken into account in the model"s construction phase. The problem so resolved in this way has constraints with fuzzy parameters, where the variables 
The FTAA Flexible Model -Zimmerman's Symmetric Fuzzy Linear Programming Model
In the classical Markowitz MPT quadratic programming optimization, the risk minimization objective is strictly observed and any violation of the constraints is unacceptable, regardless of the extent of noncompliance. Such a rigid approach conflicts with the real world problem, where the decision maker may not insist on minimum risk but rather desires a tolerable level of risk. Consequently, a small violation of the constraints within the tolerance interval should not cause the decision maker to reject the feasible solution. This "small violation" refers to the linguistic (fuzzy) explanation for vagueness. Take for instance an investor"s expected return is 10% and in fuzzy set theory, we can thus take 9% or 11% to be a -1% or +1% "small" violation from 10%. The Fuzzy objective and constraints are introduced by Zimmermann (1983) in his seminal "Symmetric Fuzzy Linear
Programming" model. In this model, the "crisp" objective and constraints functions are softened to accommodate the uncertainty in a real world problem. The basic "Fuzzy Linear
Programming" model is adopted to construct the fuzzy optimizer for a two-asset optimization problem. Linear programming models are be considered to be a special kind of decision model where the decision space is defined by constraints, C T , while the "goal"
(i.e. the utility function) is defined by the objective function, f(x), and the type of decision is then denoted as decision-making under certainty. The FTAA Flexible Model can in essence be defined by the classical model of linear programming in eq 4 as:
, where A, b and C are coefficients, m is the number of constraints, n is the number of goals and R m×n is the m×n real matrix.
Let us now depart from the classical assumptions that all the coefficients of A, b and C are crisp numbers, and that the symbol ≤ is meant to be in a crisp sense and that "maximize" is a strict imperative. A number of possible modifications to eq 4 can exist.
First of all, the decision maker may want to reach some aspiration levels that may not be crisply defined. The Bellman-Zadeh concept of a symmetrical decision model (of eq 2)
should be adopted in this case. Secondly, the constraints can be vague, i.e. the ≤ sign is not meant to be taken in a strictly mathematical sense but that smaller violations may well be acceptable. One has to decide how the term known as fuzzy "maximize" is to be interpreted or whether or not to stick to a crisp "maximize". Finally, the role of the constraints can be different from that in the classical non-fuzzy LP model, where the decision maker may well accept small violations of constraints but may also attach different degrees of importance to the violations of different constraints. One has to decide where and how fuzziness enters the constraints. Some authors (Tanaka and Asai, 1984) deem the coefficients of A, b and C to be fuzzy numbers and the constraints as fuzzy functions.
In the above approaches, one has to decide the type of membership function characterizing either the fuzzy numbers or the fuzzy sets, representing goal and constraints.
In contrast to the classical non-fuzzy LP, the "fuzzy linear programming" is not a crisply defined type of model. Many variations are possible, depending on the assumptions or features or the real situation to be modeled. A first basic model for "fuzzy linear programming" is shown below. We shall assume that the decision maker can establish an aspiration level, z, for the value of the objective function he wants to achieve, and that each 11 of the constraints is modeled as a fuzzy set. Our fuzzy LP then becomes eq 5 in the following manner:
, where C is the objective function, A is the constraint function, z is the aspiration level, m is the number of constraints, n is the number of goals and R m×n is the m×n real matrix.
The symbols ≥ and ≤, denote the fuzzified versions of ≥ and ≤ respectively and they have the linguistic interpretation of "essentially greater than and equal" and of "essentially smaller than or equal". Since the n-vector x is variable symmetric to both the objective and constraint functions, their coefficients can be substituted by 
The p i are constants subjectively chosen to represent the admissible violation of the 12 constraint and objective functions. The fuzzy decision according to the Bellman and Zadeh model of eq 2, can be written after some rearrangement (see Zimmermann, 1983) .
The crisp optimal solution will be defined along the formulation of eq 3 as:
Introducing the fuzzy set decision corresponding to eq 7 as a new variable  , the model eq 6 can be written as:
(10) The maximizing solution x in eq 8 can be found by solving a standard linear programming problem with an additional variable and an additional constraint.
The Fuzzy Optimizer
In a two-asset model, the classical optimizer can be generalized to include a fuzzy objective and several fuzzy constraints. Modeled along Zimmermann"s fuzzy LP, the fuzzy optimizer is constructed in eq 11.
Maximize  subject to constraints (11) . W denotes the allocation weights of assets s and r while the symbols R s , R r , Inf, Sup are explained below.
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As the first constraint function of eq 11 aims at minimizing the portfolio risk, the aspiration level z, should be the upper bound, expressed as the infermun (Inf) of s  or r  .
The second constraint of eq 11 places a ceiling on the weighed return of the combined assets, specified as the return of the individual asset, either asset s or r, whichever is higher.
Alternatively the weighted return can be constrained by the minimum return, which is represented by the infermun (Inf) of the individual asset return, either asset s or r (Inf{Rs,Rr}). Since the objective is to minimize risk, the constraint should opt for the highest possible portfolio return. Thus, the supremun (Sup) is used in this model. Following the expected mean-variance principle, the combination of two assets, which are not perfectly correlated, reduces the portfolio risk to a level somewhere between the risk levels of the two assets. The portfolio return is also to be somewhere between the returns of the two assets. Therefore, the tolerance interval for each of the first two expressions of the eq 11, i.e. (p 1 ) and (p 2 ), are then used as constraints to represent the admissible violation of the constraint and objective functions. The third expression of eq 11 simply implies that the uninvested portfolio is disallowed because the short sale of any asset is undesirable.
However, the investor may wish to accept a larger allocation weight, say, up to 50% of the portfolio composition. 
The FTAA Robust Model -Ramik and Rimanek's Robust Programming Model
, where the above fuzzy numbers are defined as: Applying Lemma 1 as defined in the Ramik and Rimanek paper, the extended operation of the product of the product of the fuzzy numbers and variable x of the constraint function is given by eq 17:
From eq 17, the constraint function can be written in eq 18 as: Thus, ex post data should be adjusted to take account of market expectations before it can be used in a portfolio analysis. The Jarque-Bera ( Results of the MPT and FTAA models
The MPT Results
For the purpose of estimating the two short-run fuzzy tactical asset allocation (FTAA) models, we assume a long-term strategic asset allocation (SAA) portfolio composition, which is separately determined from another exercise using four factors, i.e. economic growth prospects, real estate market liquidity, transparency and vacancy. It is around the SAA that the linear programming optimizations of the two FTAA models are carried out. Table 2 presents the required SAA composition weights for the 10-city pan-Asia office portfolio. These two FTAA models denote the Zimmerman"s FTAA flexible programming model (eqs 4-10) and the Ramik & Rimanek FTAA robust programming model (eqs 12-18).
These FTAA models are subsequently discussed in the next subsections. The required ex ante data is presented and summarized in Table 3 from which the pan-Asia office total return (TR) correlation coefficients are imputed in Table 4 while the corresponding covariance matrix is presented in Tables 8-9 respectively. Estimation details of the two models are provided in Appendix C for reference. 
Comparison of the MPT and FTAA Models
The FTAA models are essentially mere extensions of the MPT model, and they are not entirely different methods. From Table 10 , it is observed that the FTAA model portfolios both show more positive allocations relative to the MPT TAA model portfolio, which has more 0% allocation weights, reflecting intuitively greater Asian city diversification in the short-run. This is not to say that 0% allocation weights are not good after all. In terms of portfolio risk minimization, the FTAA robust programming model is as good as the MPT TAA model portfolio, as seen from Table 11 . All three TAA models are able to achieve optimal risk-adjusted returns at the portfolio level. It is observed from Table 11 that the "Flexible" and "Robust" programming models have higher portfolio risks, given the same portfolio return. It is attributable to these two FTAA models that intuitively incorporate more risk each from the decision maker (investor)"s perspective, relative to the MPT TAA model. In contrast, the quadratic programming optimization of the MPT TAA model incorporates the risk minimization objective that is strictly observed, and any violation of its constraints is unacceptable regardless of the extent of noncompliance -somewhat akin to corner solutions for an optimization problem. Such a rigid approach conflicts with the real world problem, where the investor may not insist on minimum risk but rather desires a more tolerable level of risk. Consequently, a small violation of the constraints within the tolerance interval should not cause the decision maker to reject the feasible solution. These offer plausible and intuitive explanations as to why the "Flexible" and "Robust" programming models have higher portfolio risk relative to the MPT model. 
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Conclusion
The fuzzy tactical asset allocation (FTAA) model can incorporate intuitive thinking into the asset allocation process from the perspective of the expert investor (decision maker). This FTAA model can improve the efficiency of asset allocation, adopting fuzzy set theory and fuzzy optimization theory. The FTAA model portfolios both show more positive allocations relative to the MPT TAA model portfolio, which has more 0% allocation weights, reflecting intuitively greater Asian city diversification in the short-run.
In terms of portfolio risk minimization, the FTAA robust programming model is as good as the MPT TAA model portfolio from Table 11 . All three TAA models are able to achieve optimal risk-adjusted returns at the portfolio level. The Zimmerman FTAA flexible programming model and the Ramik & Rimanek FTAA robust programming model has higher portfolio risk each, given the same portfolio return. It is attributable to these two FTAA models that intuitively incorporate more risk each from the investor"s perspective, relative to the MPT TAA model. In contrast, the quadratic programming optimization of the MPT TAA model incorporates the risk minimization objective that is strictly observed, and any violation of its constraints is unacceptable regardless of the extent of noncompliance.
Such a rigid approach conflicts with the real world problem, where the investor may not insist on minimum risk but rather desires a more tolerable level of risk. Consequently, a small violation of the constraints within the tolerance interval should not cause the decision maker to reject the feasible solution.
The MPT TAA model is essentially a quadratic programming optimization model that is highly sensitive to estimation errors. Thus, the precision and reliability of its estimated inputs are critical to the success of the optimization decision. Determination of input variables relies on historical data, which has been proven to be increasingly unreliable for forecasting purposes in view of the refutation of the random walk hypothesis in the common stock and direct real estate markets. Expert investors with good market knowledge can provide reasonable estimates of returns, thereby relinquishing the reliance on data-intensive statistical approaches. Nevertheless, investor judgement is constrained by the fact that the confidence of this judgement can be improved only at the expense of precision.
This form of uncertainty, which is attributed to the vagueness of information and imprecision, can be quantified by fuzzy set theory.
Incorporating fuzzy set theory with quadratic programming model provides asset allocators with a more intuitive and natural way of capturing expert investor judgment in asset optimization, in particular for international and direct real estate portfolio allocation 24 on a risk-adjusted basis. Both the Zimmerman FTAA flexible programming model and the Ramik & Rimanek FTAA robust programming model to asset optimization are equally good alternatives relative to the MPT TAA model. These two FTAA models achieve the two-fold benefits of intuitively greater risk diversification by city or real estate sector and enable effective risk management. It is anticipated that these two short-run fuzzy models would be accepted and more such models would emerge as an effective extension of quadratic programming optimization, as more computable software programs of this kind are widespread.
Fuzzy approaches to optimization, for asset allocation in the short run, are limited by some drawbacks. In general, fuzzy model possess the common feature of converting the equality function under quadratic programming optimization into inequality functions.
Such inequality optimization replaces the point solution of the MPT TAA optimization problem, which is obtained through the rigid intersection of all functions, by a generalized or intuitive answer over a defined space of alternatives. The product of the fuzzy process with fuzzy inputs, in the form of fuzzy outcome is in actual fact a more natural and intuitive approach to asset optimization.
